INTRODUCTION AND STATEMENT OF RESULTS
Following the classification of finite simple groups, one of the major problems in finite group theory today is the determination of the maximal subgroups of the almost simple groups-that is, of groups X such that X0 u X< Aut X, for some finite non-abelian simple group X0. The problem has been solved for most sporadic groups and groups of Lie type of low rank (see [ 19, Sects. 3, 43 for discussion and references). This paper is a contribution to the case where X0 is an alternating group A, (so that for n # 6, X is A, or S,).
The maximal subgroups of A, and S, are known for several classes of degrees n: n =pa with p prime [7] ; n=kpwithpprime,k<p [21] ; n any odd number [ 14,221. Nevertheless, the general problem of listing all the maximal subgroups of A, and S, for all degrees n remains intractable, since it involves essentially finding all primitive permutation representations of all almost simple groups (see the O'NanScott theorem below). However, a substantial general result is possible and is obtained in this paper. We now describe it.
According to the O'Nan-Scott theorem, stated as the second theorem in [2, Appendix] , if X is A,, or S,, acting on a set Q of size n, and G is any maximal subgroup of X with G #A,,, then G satisfies one of the following: Thus it is of fundamental importance to investigate the maximality in A,G of the groups G under (ah(f). This is carried out in this paper. Our conclusion is that such groups G are in general maximal, with an explicit list of exceptions. We prove THEOREM. Every maximal subgroup G of A, or S, is of one of the types (a)-(f) above. Conversely, if G is a subgroup of A, or S, of one of the types (a)-(f), then G is maximal in A,G, unless G < H < A,G with G, H, n as described in (I) or (II) below.
(I) G is of one of the types (a)-(e): here G is always maximal if A,G = S,; also G is maximal if G < A,, except when G, H are as in Table I below.
(II) G is almost simple of type (f): here one of the following holds for G, .H:
(A) H is of one of the types (at(e) and G, H are as in Table II;  (B) H is almost simple of type (f), and in Tables III, IV, V, and VI all such pairs G, H, with G maximal in H, and sot G # sot H, are listed. As can be seen from the tables, almost all the exceptions to maximality occur when G is of type (f), that is, when G is an almost simple primitive group of degree IZ. The main tools used to determine precisely when such groups are non-maximal in A,G are the results in [lo, 231 on factorizations of almost simple groups.
The theorem is well-known for groups G of type (a) or (b); and for G of type (c), it is a consequence of [25] when k 2 2 and of the classification of transitive permutation groups of prime degree when k = 1 (cf. [ 71). For G of type (e), the result has been proved by Jones and Soomro [12] in most cases, and completely by P. M. Neumann (see [ 12, Appendix] ). We give a short new proof in Section 3. We remark also that a few very special cases with G of type (f) have been considered in [8, 16, 27, 29, 303 . Finally, since completing our work on Sections 24 of this paper, we have received a preprint of M. Aschbacher entitled "Maximal subgroups of finite alternating and symmetric groups," which proves the results in Sections 2 and 3, and also a small part of Section 4. there exists a chain of length r: for example, we can take Gi= Sp2,(22'-'+') for 1 < i < r + 1, with Q = (Q+(2): 0$(2)). Here are a few other chains:
~,~&3~SP6(2)<%+ (2) with n = 120,
Ml2
< A12 <Q, (2) with n = 495, J2 < G(4) < s& (4) with n = 2016, co, <52&V) < %24 (2) with n = 211(212 -l), with q even and n = (q6 -1 )/(q -1).
2. The groups excluded by the primitivity condition in case (e) occur if and only if X=A,, k=2, and mm2(mod4). 
G=L,(7).2 i 3. If X= S, and G < X is of one of the types (a)-(f) then G n A, is also a subgroup of A, of type (a)-(f) unless one of the following holds:
(i) G is of type (e) and G n A, is imprimitive, as in Remark 2; (ii) G is of type (f) and Gn A, is imprimitive-there are many examples of this, the smallest being G = L,(7) .2 < SZi.
4. The theorem can easily be used to construct an algorithm which decides the following question: given a primitive permutation group G of degree n with socle M, is the normalizer NAJM) a maximal subgroup of We use L,(q), U,(q) to denote the simple groups RX.,(q), PSU,(q), respectively. Also we often write just r for a cyclic group of order r and r"' for an elementary abelian group of order r"'. Finally, if A < B then (A : B) denotes the set of right cosets of B in A.
Outline of proof of the theorem. Let G be a permutation group of degree n on a set Q, and suppose that G is of one of the types (a)-(f) described above. If G is of type (a) or (b) then G" contains either a 3-cycle or a 2*-element; and if G < H-C A,G then H is primitive on Q, so n < 8 (cf. [32, Sects. 13, 151) . It is readily checked that the only such group His AGL, (2) with n = 8, as in Table I . Next, if G is of type (c) and G < H < A,G then k = 1 by [25] , so n =p, a prime. We now see (for example, from the list in [7] ) that G<A,,p is 7, 11, 17, or23, and His as inTable1. In Sections 2-6 we deal with the remaining types for G. Sections 2 and 3 are devoted to a proof that groups G of type (d) or (e) are always maximal in A,G. And in Sections 4-6 we deal with groups of type (f).
MAXIMALITY OF DIAGONAL ACTIONS
In this section we show that groups G of degree n in the diagonal case (d) are always maximal in A,G. The group G has index 1 or 2 in Tk. (Out T x Sk) for some nonabelian simple group T and integer k > 2. We shall concentrate on the case where this index is 1; in the .Remark following Lemma 2.3 we point out the only place where more care is needed in proving maximality when the index is 2. Let M be the socle of G, so that Mr Tk. We may take (see [24] Suppose now that G < H < A,G. We shall obtain a contradiction. Choose H such that G is maximal in H, and let N be the socle of H. Then N=U,x...
x U, with all Uiz U for some simple group U. Since n= 1 Tlk-' is not a prime power, U is nonabelian. By the O'Nan-Scott reduction theorem for primitive permutation groups (see [24] Proof: Suppose that H is of type (6) , so that N, = 1 and n = 1 UJ '. It can be shown (see [24] ) that H = NP, where P n N = 1 and P 6 S,. For 1 < id t let U,* z U and let P act on n; U,? as it acts on n; Ui, identifying Uy with Ui. This gives an action of P on n; ( Ui x UT). Define X to be the semidirect product (ni ( Ui x UT)). P with this action of P. Then X is a permutation group of type (y) of degree 1 UJ' containing HR as a subgroup. This means that G < X, a possibility ruled out by the proof of Lemma 2.1 (note that the maximality of G in H was not used in that proof). ProoJ Assume to the contrary that H 6 H, wr S, as in (/I). Let P be the transitive subgroup of S, induced by H on (U,, . . . . U,}. We write 52 = A', where 1 A 1 = n, and H, is primitive on A, and HO wr P has the product action on Q. We may assume that the stabilizer of Ui in H acts as H, on Ai, the ith component of A'. Let X= H&n H2N. Now N 4 G: for otherwise M 4 N and so T = U, whence Uk ~ ' is regular on 52, which is not so. Since G is maximal in H, we therefore have H = XG = NG. Hence G/(G n X) z H/X? P and G acts as P on {U,, . . . . U,}. As G n X is imprimitive on Q, either G/(G n X) has Sk as a factor group and so t k k, or k = 4 and G/(G n X) has S, as a factor group and so t > 3.
Suppose first that G n N # 1. Then G n N contains the unique minimal normal subgroup A4 of G. Let pi be the projection of N onto Ui for 1 d id t. Then as G is transitive on the Uj, we have pi(M) E T" with x independent of i. Further, G normalizes M* = HP,(M) and so as G is maximal in H, either M* d G or H = M*G. In the former case M < M* d G n N. Since G n N is imprimitive on $2 and M* is a direct product T"' of simple groups, we have M* <M and hence M* = M. Now t 2 k -1, so x = 1 and t = k. If CI = (t(, , . . . . CI,) E Q then M, = M,* is the product of the stabilizers of cli in p,(M), contradicting the fact that M, z T. Thus H = M*G. Then M* -=I H and so M* = N, the unique minimal normal subgroup of H. Hence x = 1 and T = U. As above, for CI E 52, M,* has no section isomorphic to T, contradicting the fact that Tr M, < M,*.
Thus GnN=l and hence GnX=l, GrP<S, and H=NG. Since 1 G 1 > n > 4', it follows from [26] that G is an imprimitive subgroup of S,. Let K be the kernel of the action of G on a set 9 of maximal blocks of imprimitivity for G in ( Ui, . . . . U,}. Again by [26] we have K# [20] , so 1 TI = bda 30y'-'-', which is false.
Remark. In the case where Tk. (Out T x Sk) contains odd permutations of S, and G < A,, more care is needed in proving Lemma 2.3 when k = 2 and G = ( T1 x T2). Out T. Suppose then that G < H < A,, with G maximal in H and H of type (/I) above. Then M* r T' and the proof that G n sot H = 1 goes through as above. Also since k = 2, clearly t 2 (k -1) m and the rest of the proof is the same. LEMMA 
The group H is not of tyPe (a).

Proof
Suppose that H is of type (a), so that U 4 H < Aut U for some nonabelian simple group U. The group H has the maximal factorization H= GH, (where a E: Sz). Since G has socle Tk with k 2 2, we see from [ 10, Lemmas 2.1-2.4 provide the desired contradiction, and so the maximality of diagonal actions is proved.
MAXIMALITY OF WREATH ACTIONS
In this section we show that groups G of degree n in the wreath case (e) (described in Section 1) are always maximal in A,G. This result is due to G. A. Jones, K. D. Soomro, and P. M. Neumann (see [12] ), but we include our own short proof for completeness. Thus let G = (S, wr Sk) n X with XE {A,, S,,}, m >, 5, k 2 2, and n = mk, and assume that G acts primitively with the product action on Sz (cf. Remark 2 of Section 1). Suppose that G < H< A,G with H maximal in A,G. By the result of [Z, Appendix] described in Section 1, His the intersection with A,G of one of the following:
(1) AGL,(p) with n =pd (i.e., H is of type (c)); (2) T'. (Out TX S,) with T a nonabelian simple group and n = 1 TI'-' (type (d)); (3) S,,wrSJwithcZ5,d>2,andn=cd(type(e)); (4) an almost simple group, that is, Ta H < Aut T for some nonabelian simple group T (type (f)).
Suppose first that (1) Since m25, this forces a= 1, p=5, and hence (S, wr S,) n X< G&(5), which is impossible. Next suppose that H is as in (2) . Define K= G n T'-=I G. If K= 1 then G 5 Out TX S,, whence I> mk and so n = mk 2 1 TJmk-i, which cannot be so. Hence K2(A,)k.
Since n=I TI'-' this forces n'>ITJ'>(K( >IA,,,Ik, which is impossible as n = mk. Now suppose that (3) holds. Here let K=Gn(S,)daG.
If K=l then GSS,, whence damk and so mk=cda (Ok, an impossibility. Consequently K2 (A,)k. Then A, 5 A, and therefore, since m # c, we have m < c and k > d. Also G/K 6 Sd, so K2 A,,, wr Ak except possibly if k = 4, when Ka A,,, wr V4 (where V4 is the normal subgroup of S, of order 4). In either case K is primitive on Q, which is a contradiction since K lies in the imprimitive group (S,)'. Finally, assume that (4) holds, so that T 4 H< Aut T with T a nonabelian simple group. For c1 E 52 we have H = H,G. By inspection of the results of [ 10,231 we reduce to the case where T is a classical group or an alternating group A,. In the latter case we deduce as in the proof of Lemma 2.4 that n = c, which is not so. So assume that T is a classical simple group, with natural module of dimension d over GF(q), say. As before, (m -4) k < d. Using [6] , we check that for m > 8, mk is less than the smallest index mT in T of a proper subgroup of T, which is a contradiction: for example, if T= L,(q) then mT=(qdl)/(q-1) by [6] , so mk<m""m-4'<2d-1 <m,. (Note that [6] contains some slight errors for the groups 5221+1 (3) This completes our proof of the maximality of wreath actions.
CASE (IIA) OF THE THEOREM
In this section we take G to be an almost simple group of type (f) in A, or S,, and suppose that G < H < A,G with H of one of the types (a)-(e). We show that G, H are as in Table II of Section 1.
Write T = sot G. First we remark that H is not of type (a) or (b), since G is primitive on 0. LEMMA 4.1. Zf H is uffine (of type (c)) then n = 8, G= L*(7), and H = AGL,(2).
Proof. We have H=AGL,(p)n A,G with n=pk, for some prime p. Also k > 1, since G < GL,(p). It follows from [7, Theorem l] that either n = 27 and T= U,(2) or n = (qd-l)/(q -1) and T= L,(q) for some prime power q. The first case does not occur since U,(2) k L,(3). In the second case p[q and by [20] , provided (d, q) is not (3,2) or (3,4) , we have k 3 $(qd-' -1). Hence T= L, (7) and n = 8, as required. Uanonabelian simple group, ,as in (d). If G n Uk = 1 then T5 Sk (using the Schreier "Conjecture"); but 1 UI k-' divides I TI , whereas I U I k-1 cannot divide k!, so this is impossible. And if G n Uk # 1 then T< Uk, whence T 5 U. However, I TI 2 n = I Ulk-', so it follows that k = 2 and T is regular on 0. This contradicts [2, 6.31. LEMMA 4.3. rf n = mk and H = (S, wr Sk) n A,G is of wreath type (e), then k = 2 and T is A,, M,,, or Sp,(q) (q even), as in Table II of Section 1. Also the degree n is as in Table II. Prooj If Tn (S,)k = 1 then T5 S,, whence mk divides k!, which is impossible. Thus T< (S,)k. We may write 52 = A, x . . . x A, with each I Ai 1 = m, and the ith factor A, of the base group of H acting naturally on Ai. Choose dje A,. The action of T on 0 induces a faithful action of T on each Aj, and we define Ti = T,,. Since T is transitive on 52, for each j the subgroup Uj= filrj Ti is transitive on A,, and thus T= U,T,. In particular T= TiTj for any distinct i, j. Since G is primitive on 52, it is transitive on the set of factors A, of the base group of H, and hence on the set CT 1, ..., Tk}. It follows that for any distinct i, j the subgroups T,, T, are conjugate in G, but not in T.
Pick g E G such that Tf = T2, and let V, be a maximal subgroup of T containing T,. Let V, = Vg. Then T= V, V2 is a maximal factorization of T. We now appeal to the results of [IO, 231 on factorizations of simple groups. These imply immediately that T, I',, and k are as in the following We now show that the last line of the table does not arise. First let k = 3. Then T= V, V2 implies that VI n V2 z G,(q), and hence U, = T, n T2 6 G,(q). But then T# U,T,, a contradiction. Now let k= 2. If a= (6,, 6 ,) then T, < V, n V, E G,(q). But it follows now from [ 171 that G, can be maximal in G only if G contains a triality automorphism of T centralizing T,. This is plainly impossible, since such a triality would have to lie in the base group (S,)'. Finally, we note that n = m2 must be as given in Table II. For let X=Gn(S,)*, so that lG:XI=2 and TaX. If a= (6,,6,) and Xi=X,, then X, = X, n X, and X, = Xf. Pick a maximal subgroup W, of X such that Xi 6 W, (note from the above table that 1 X: W, 1 = 1 T: VI I). Then Table II of Section 1, exists.
Proof The embedding L,(7) < AGL,(2) is well known. Now let T and I', be as in the above table in the proof of Lemma 4.3, excluding PsZ,+(q). Let T (1 G < Aut T, with G containing an outer automorphism g of T as described in Table II of Section 1. Define X< G with 1 G : XI = 2, as follows: if T is Sp4(q) we let X= G n Field Inn Diag( T) (the group generated by all field, inner, and diagonal automorphisms of T); if T is M,,, we put X= hi,,; and if T=& we set X= Gn S6. Also put X, = N,( V1) and X, = Xf. Note that we can take g2 = 1 except if T= L+,(q), in which case we can take g2 E X,, since either g2 = 1 or g2 induces a field automorphism of T. Now let A i = (X: Xi) for i = 1,2, and define an action of G on A, x A, by for hi, x E X. The group Xwr S2 = (XxX) . (t) acts naturally on Q= A, x A, with action for hi,xieX. Now define gl:G-tXwrS, and t,b:A,xA,-+A,xA, as
It is readily checked that C$ is a $-monomorphism, that is, 4 is an injective homomorphism satisfying (a,, 6,) ht,b = (6,, 6,) +(h$) for all h E G, hie Ai. Hence (Gd)R is a subgroup of Sym(A I) wr S,, as required.
To complete the proof, we show that (Gc$)~ is primitive on 52 in each case. Identifying G with G$, we have, for CI E Q, one of the following:
.~. Now the maximality of G, in G follows from [S] for T= A6 or M,,, and from [ 1, Sect. 143 for T= Q,(q).
CASE (IIB) OF THE THEOREM
In this section we take G to be an almost simple group of type (f) in A, or L and suppose that G < H< A,G with H also of type (f) and sot G # sot H. We observe that by choosing H to be minimal subject to this condition, we may take G to be maximal in H, since from Tables I and  II in Section 1 we see that no group of type (a)-(e) can lie between G and H. Write T= sot G and U= sot H. By the Schreier "Conjecture," G n U # 1, so G n U is transitive on Q. It follows that for a E D we have (1) H=GH,, (2) G, H, are maximal in H and G, = G n H, is maximal in G,
The results in [lo, 231 on factorizations of simple groups now apply. If U is a sporadic group or a classical group then it is immediate from [23] that G, H, and n are as in Tables IV and VI Finally, the case where U is an alternating group is dealt with in the next section.
CASE (IIB) CONTINUED : ALTERNATING GROUPS
We continue with the notation of Section 5, and suppose that U = A,. If c < 6 then clearly c = 6, T= A=,, and n = 10, as in Table III (line -10). So suppose that c > 7 and let U act naturally on I= { 1, . . . . c}. Then H is A, or S,.. By [23] , the only maximal factorizations of A, or S, are of the form AB, where A is the stabilizer of a t-subset of Z and B acts t-homogeneously on Z, for some t < 5 with t < SC.
Suppose first that B = G and A = H,. Since n # c we have t B 2. By (2) above (Section 5), G acts primitively on Z ('1, the set of t-subsets of I. If G is not 2-transitive on Z then G has odd order, which is impossible for an almost simple group. Hence G is 2-transitive on Z, and T is therefore as described in [3, 5. 33. If T is L,(q) (da 3), U,(q), or 'G2(q) then t =2 and G preserves a Steiner system on Z, whence G is not primitive on I(*). Now let T = L,(q) with c = q + 1. If t = 4 then q is 8 or 32 and G is not primitive on Zt4). For t = 3 one checks that PZX,(q) is not primitive on Zc31. And for t = 2, note that L,(q) is primitive on Z {*1 if q > 11; the entries in Table III for q < 11 are easily checked. If T = *B*(q) then t = 2 and the stabilizer of a pair of points of Z is maximal in T (cf. [28] ). Next let G = @*d(2) acting on the cosets of O&(2) with d > 3. We consider G as acting on the orthogonal geometry O,,, r(2). If x, y E Z then x and y are hyperplanes of the same type, and x ny has l-dimensional radical (w), whence G{,) < G, and so G is not primitive on Z12}. Finally, the remaining eleven examples L2(l 1) with c = 11, . . . . Co, with c= 276 in [3, 5.31 are easily handled using [S] ; note that L2( 11) with c = 11, and Ml1 with c = 12, are not listed in Table III, since they are not maximal in A,. LIEBECK, PRAEGER, AND SAXL c = p-1 f 2d-' and B, is O&(2), acting with rank 3 on I,. Then B, is maximal in A,-1 : for suppose that B, < K < A, _ 1 with B, maximal in K. Then by Section 4, K is almost simple of type (f) on I,. Now K cannot have rank 3 on I, by [13] , and hence K" is 2-transitive. Using the list in [3, 5. 33 and simple arithmetic, we see that Kr> L,(q) and c-1 = (q' -1 )/(q -1) for some odd prime power q. This is clearly impossible by the lower bounds for r given by [20] . Thus we have the examples A,.-, <A, < Alt(A,: Q2J2)) with c = 22d-1 f 2d-1, as in Table III . Next we observe that the case where B is a Mathieu group M, with c E { 11, 12, 22, 23, 24) gives rise just to the examples A,o < A,, < Al2 < Alt(A,*: M,,) and A22<A23<A24<Alt(A24: M,,), as in Table III HS), as in Table III . An entirely similar argument justifies the example A,,, < A276 < Alt(A,,,: co,).
This completes the proof of the theorem.
